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Abstract
The gravity coupling of the symmetric space sigma model is stud-
ied in the solvable Lie algebra parametrization. The corresponding
Einstein’s equations are derived and the energy-momentum tensor is
calculated. The results are used to derive the dynamical equations
of the warped 5D geometry for localized bulk scalar interactions in
the framework of thick brane world models. The Einstein and scalar
field equations are derived for flat brane geometry in the context of
minimal and non-minimal gravity-bulk scalar couplings.
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spaces.
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1 Introduction
Brane world scenarios which have their roots in open string theory ingre-
dients D-branes are alternative approaches to relate higher dimensions to
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the standard model of fundamental interactions. Instead of considering di-
minished and compact extra dimensions they provide sensible resolution es-
pecially to the hierarchy problem with non-compact extra dimensions. Al-
though there were pioneer ideas in the 1980’s [1, 2] the string theory inspired
brane world cosmological scenarios were proposed and constructed much later
[3, 4, 5, 6, 7, 8, 9, 10]. These theories have flat or non-flat (warped), compact
or non-compact bulk geometries. However they share the common feature
that the 4D spacetime is an embedded solution in the bulk in such a way that
the standard model fields are localized on it where as gravity can probe the
extra dimension(s). The foundation of this picture lies in the dynamics of the
various superstring theories in which the charge carrier open strings may be
described by their end point dynamics of D-branes whereas the closed strings
which accommodate gravitons are not constrained to live on the brane like
open string boundaries. Unlike the pioneer models which ignore the brane
size by explicitly containing Dirac-delta functions more realistic brane models
which have finite brane size have been also constructed and are currently be-
ing studied [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28].
These models fulfill the requirement of a fundamental length scale due to
string theory. An updated review of these so-called thick branes can be
found in [29]
In [28] it is discussed that the localized interactions of bulk scalars on a
thick brane solution of a warped 5D bulk can be described by a sigma-model
in which the brane forming scalar is non-linearly coupled to the bulk scalar
fields via its derivatives. In this manner the kinetic term of the brane forming
scalar is a function of the bulk scalars.
On the other hand the non-linear sigma model [30, 31, 32] governs the
scalar sector of the supergravity theories [33, 34, 35, 36]. In particular if the
target space (the scalar manifold) is a symmetric space [37] then we have
a special case of the general sigma model which can be named as the sym-
metric space sigma model [38, 39, 40]. The compactifications of the D = 11
supergravity (with its S1-compactified IIA supergravity redundant) as well
as the D = 10 IIB supergravity and the D = 10 type I supergravity which is
coupled to the Yang-Mills theory in majority produce scalar sectors in lower
dimensions in the form of symmetric space sigma models. Moreover the IIA
and the IIB supergravities describe the tree-level low energy dynamics of the
type IIA and the type IIB superstring theories whereas the type I Yang-Mills
supergravity is the effective low energy limit of the heterotic superstring the-
ory. With this motivation in the above mentioned context of [28] in this work
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we study and derive the thick brane dynamical equations in the presence of
a generic symmetric space sigma model coupling of the 5D bulk gravity. We
will focus on the flat Minkowski brane dynamics and derive the correspond-
ing Einstein and scalar field equations for the warped geometry of the bulk.
We will consider the both cases of the minimal and the non-minimal gravity-
scalar coupling. Our formulation will be for localized bulk scalars coupling
to the brane solution-generating scalar via a generic symmetric space sigma
model lagrangian constructed in the solvable lie algebra gauge. The out-
line of the construction of symmetric space sigma models by means of the
solvable Lie algebra or the axion-dilaton parametrization can be referred in
[41, 42, 43, 44, 45, 46]. Furthermore in [47] an explicit construction of the
symmetric space sigma model lagrangian in terms of the solvable Lie algebra
parameters of the target space is presented for arbitrary trace conventions.
The most general form of the field equations are also derived for the target
space coordinates in the same work within a general algebraic formalism.
In Section two we consider the coupling of the gravity to the symmetric
space sigma model in a dimension-free and general framework. After defining
the action we derive the field equations and identify the energy-momentum
tensor which we will adopt in the following section. In Section three we turn
our attention to the dynamics which give rise to thick branes with localized
bulk scalar interactions on them. We will first discuss the ingredients of the
warped 5D geometry then we will derive the corresponding dynamical equa-
tions for the minimal and non-minimal gravity-scalar couplings. We will also
express these equations in their appropriate form for a first-order formalism.
Finally we will obtain the scalar field equations in the 5D warped geometry
context. For completeness we collect some of the variational steps followed
in deriving field equations of gravity-scalar couplings in the Appendix.
2 Coupling gravity to the symmetric space
σ-model
In this section we will focus on the gravity coupling of the scalar sectors
of the dimensionally-reduced supergravity theories which can in general be
modelled as symmetric space or reductive coset sigma models [38, 39, 40].
Our construction will be for a general G/K coset scalar manifold where the
scalars live in D-dimensions. In the next section we will use our general
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results in the context of thick brane world scenarios in which the scalar
configuration will correspond to the interactions on the brane.
2.1 The action
The general non-linear sigma model [30, 31, 32] action can be given as
SNLSM =
∫
d(D)σ
√−h hABgab∂Aϕa∂Bϕb. (2.1.1)
To clarify (2.1.1) one has to consider an immersion map
f : N −→M, (2.1.2)
of a smooth D-dimensional manifold N into another smooth manifold M . In
supergravity N is the spacetime and M is the scalar manifold on the other
hand in p-brane dynamics N is the world volume of the p-brane and M is
the background space. The action (2.1.1) is defined on N . If one considers
the metric hAB on N as an independent field and varies the action (2.1.1)
with respect to it one finds the corresponding field equations
hAB = gab∂Aϕ
a∂Bϕ
b, (2.1.3)
which denote that hAB comes out to be the pullback of the metric gab which
is defined on M onto N through the immersion map (2.1.2) of N . In (2.1.1)
h is the determinant of the metric hAB. If on a chart of M the coordinates
of the target space M are taken to be ϕb then they can be considered to
be scalar fields on N via the immersion map (2.1.2). For a local coordinate
chart of N with coordinates xA composition of the coordinate charts with
(2.1.2) also gives the fields ϕb(xA) which appear in (2.1.1). In particular the
target manifold M can be chosen to be a coset space G/K. Furthermore if
G is a non-compact real form of any other semi-simple Lie group and if K is
a maximal compact subgroup of G, also if the Lie algebra of K is a maximal
compactly imbedded Lie subalgebra of the Lie algebra of G then G/K is
a Riemannian globally symmetric space for all the G-invariant Riemannian
structures on it [37]. In this case the sigma model is called the symmetric
space sigma model (SSSM) [38, 39, 40]. The action of the SSSM can be given
as [41, 42, 43, 44, 45, 46, 47]
SSSSM =
1
4
∫
tr(∗dM−1 ∧ dM), (2.1.4)
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where M is a map from N into M = G/K which is based on the global
solvable Lie algebra parametrization of G/K and the trace is over the matrix
representation of G.1 (2.1.4) is invariant under the global action of G from
the right and the local action of K from the left. In [47] (2.1.4) is explicitly
derived in terms of the global solvable Lie algebra parameters of G/K [41,
42, 43, 44, 45, 46, 47] namely in terms of the fields
{φ1, φ2, · · · , φr, χ1, χ2, · · · , χn}, (2.1.5)
which can be considered to be independent scalar fields on N and for which
r+n = dim(G/K).2 We may further assume that the global parametrization
of (2.1.5) coincides with a local coordinate chart ofM . Also if we take a local
chart for N then the fields in (2.1.5) can be considered to be coinciding with
the ones in (2.1.1). In terms of these scalar fields from [47] the action reads
SSSSM =
∫ (
− 1
8
Aij ∗ dφi ∧ dφj − 1
4
Biα ∗ dφi ∧ e 12αjφjΩαγdχγ
− 1
2
Cαβe 12αjφj ∗Ωαγdχγ ∧ e
1
2
βiφ
i
Ωβτ dχ
τ
)
, (2.1.6)
where the coefficients Aij,Biα, Cαβ are normalization constants which origi-
nate from the choice of the matrix representation of G, their exact defini-
tions may be found in [47]. αj and βi are the root vector components of
the Cartan generators coupled to the fields φi in the solvable Lie algebra
parametrization of G/K. We will not explicitly construct the solvable Lie
algebra parametrization of the symmetric space G/K here which is exten-
sive in its own right therefore we again refer the reader to the references
[43, 44, 45, 46] for further definitions where the solvable Lie algebra gauge is
studied in detail. For our purposes we will also not need to know the explicit
form of the n× n matrix functions
Ω = Ω(χβ), (2.1.7)
which appear in (2.1.6) and which will solely appear in our further formula-
tion as coefficient functions. For this reason we also refer the reader to the
1We refer the reader to the references given above for a detailed construction of (2.1.4).
2In the following we will use the indices i, j, ... for the fields {φi}, the indices α, β, γ, ...
for the fields {χβ}, and we will use A,B,C, ... as the indices of the manifold N .
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references [43, 44, 45, 46] for their rigorous derivation and the involved defini-
tions. Next we will introduce the elements of the gravity sector which we will
couple to (2.1.4). Since brane world scenarios are open to non-standard and
modified gravity formalisms we will try to be specific and transparent in our
definitions. The gravity coupling will be by means of the metric hAB on N .
Thus we will consider the unique metric-compatible, torsion-free Levi-Civita
connection of the pseudo-Riemannian structure hAB on N . The gravitational
sector on N reads
SGRAV =
∫
RAB ∧ ∗eAB, (2.1.8)
where we have chosen an orthogonal moving co-frame {eA} with A = 1, ..., D
on N . The curvature two-forms RAB of the unique Levi-Civita connection of
hAB can be written as
3
RAB = dωAB + ωAC ∧ ωCB, (2.1.9)
where {ωAB} are the connection one-forms of the Levi-Civita connection of
hAB generated by the moving co-frame {eA}. Since the moving co-frame is
an orthogonal one the metric-compatibility reads
ωAB = −ωBA. (2.1.10)
The torsion-free condition can be written as [48, 49, 50, 51, 52, 53]
deA = −ωAB ∧ eB. (2.1.11)
We may also introduce a potential term for the scalar fields as
SPOT =
∫
∗V, (2.1.12)
where V = V (φi, χβ) is the potential which usually arises as a result of
gauging away some of the symmetry in the scalar sector. Now we can write
the total action as
S =
∫ (
RAB ∧ ∗eAB − ∗V − 1
4
tr(∗dM−1 ∧ dM)
)
, (2.1.13)
3We should state that we raise and lower indices by using the metric hAB. Since we
choose an orthogonal moving co-frame the metric components {hAB} are constant thus one
can freely raise and lower indices on both sides of (2.1.9). Also in particular we assume that
N is connected which guarantees that the signature of the pseudo-Riemannian structure
hAB is constant on N .
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where we have chosen the negative sign in front of the sigma model term to
achieve positive kinetic terms for the scalars. Explicitly we have
S =
∫ (
RAB ∧ ∗eAB − ∗V + 1
8
Aij ∗ dφi ∧ dφj + 1
4
Biα ∗ dφi ∧ e 12αjφjΩαγdχγ
+
1
2
Cαβe 12αjφj ∗Ωαγdχγ ∧ e
1
2
βiφ
i
Ωβτ dχ
τ
)
. (2.1.14)
The variation of this action results in the same field equations for the scalar
fields with the ones already derived in [47] for the pure symmetric space
sigma model. Essentially the metric g on M is responsible for the global and
the local symmetry of the sigma model action (2.1.4). There is a remarkable
difference between the pure and the gravity coupled case. In the pure sigma
model the field equation of the the metric h is simply (2.1.3) which denotes
that the metric h on N is the one induced by g via (2.1.2). Thus since h
is considered to be an independent field, to generate the solution space of
the model one may choose an arbitrary h and then solve the sigma model
field equations which will minimize the pure sigma model action and which
will also indirectly determine the metric g. One may repeat this procedure
by changing h to generate the entire solution space. Coupling the sigma
model to the gravity on the other hand abolishes this methodology. Now
the coupling occurs by means of h and h can not be chosen arbitrarily since
when we introduce gravity on N we solve for the class of pseudo-Riemannian
metrics h whose curvatures minimize the action (2.1.14). The field equations
of the scalar fields contain h whereas the Einstein’s equations as it will be
clear in the next subsection contain the scalar fields as sources. Thus these
two sets of equations must be solved simultaneously. Another divergence
between the two cases is that the energy-momentum tensor associated with
the fields (2.1.5) and the potential will not be null in the gravity coupled case
thus (2.1.3) is no longer valid and the metric h on N is not induced by the
metric g on M via (2.1.2) in this case.
2.2 The field equations
In this subsection we will vary the action (2.1.14) to obtain the corresponding
field equations of the SSSM that is coupled to gravity with also a potential
term. We will not lay out the detailed steps of this variation, and we have
collected some of the results in the Appendix. We refer the reader to [51] for
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the standard elements of the variational calculus of differential forms. We
will divide the variation of the action into two parts; the first containing the
gravitational variation terms whereas the second containing the variation of
the scalars introduced in (2.1.5) which is independent of the variation of the
metric. Thus we have
δS = δS1 + δS2. (2.2.1)
For the Levi-Civita connection and for the choice of an orthogonal moving co-
frame {eA} the explicit form of the first term which is induced by the variation
of the orthogonal co-frame can be seen in the Appendix. By imposing the
least action principle in (2.2.1) explicitly from (A.1.1) we can obtain the
Einstein’s equations which read
∗eABC ∧ RAB = V ∗ eC + (−1)D−11
8
Aij(dφi ∧ iC ∗ dφj + iCdφj ∧ ∗dφi)
+ (−1)D−11
4
Biαe 12αjφjΩαβ(dφi ∧ iC ∗ dχβ + iCdχβ ∧ ∗dφi)
+ (−1)D−11
2
Cαβe 12αiφie 12βjφjΩατΩβρ(dχτ ∧ iC ∗ dχρ
+ iCdχ
ρ ∧ ∗dχτ ), (2.2.2)
where we have introduced the interior derivative iω1ω2 [51]
i : (ω1, ω2) ∈ Ep × Eq −→ iω1ω2 ∈ E(q−p), (2.2.3)
which takes a p-form and a q-form and maps them to a (q−p)-form. We use
the notation iC ≡ ieC . The second term in (2.2.1) which contains the non-
gravitational variation of the fields is also derived in the Appendix. Equating
it separately to zero leads us to the scalar field equations. From (A.1.3) we
read the dilatonic scalar field equations as
(−1)(D−1)d(1
2
(Aik +Aki) ∗ dφi + Bkαe 12αiφiΩαβ ∗ dχβ)
=
1
2
Biααk ∗ dφi ∧ e 12αiφiΩαβdχβ
+ Cαβ(αk + βk)e 12αiφiΩατ ∗ dχτ ∧ e
1
2
βjφ
j
Ωβγdχ
γ − 4∂kV ∗ 1.
(2.2.4)
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Similarly again via (A.1.3) we obtain the axionic scalar field equations as
(−1)(D−1)d(1
2
Biαe 12αiφiΩαθ ∗ dφi + Cαβe
1
2
αiφ
i
e
1
2
βjφ
j
(ΩαγΩ
β
θ +Ω
α
θΩ
β
γ) ∗ dχγ)
=
1
2
BiαDαθβe
1
2
αiφ
i ∗ dφi ∧ dχβ
+ Cαβe 12αiφie 12βjφj (DαθτΩβγ +ΩατDβθγ) ∗ dχτ ∧ dχγ − 2∂θV ∗ 1,
(2.2.5)
where as we have introduced in the Appendix the matrix functions Dθ ≡ ∂Ω∂χθ .
in (2.2.4) and (2.2.5) are already derived in [47] by a direct application of the
Euler-Lagrange equations to the pure scalar action. However in the present
work in the Appendix we have preferred to obtain a complete formulation
for the variation of the total action.
2.3 The energy-momentum tensor
Now following the identification of the energy-momentum one-forms associ-
ated with the symmetric space sigma model and the corresponding scalar
potential coupling of the pure gravity we will derive the component expres-
sion of the energy-momentum tensor resulting from these sources in (2.1.14).
Starting with the Einstein’s equations (2.2.2) we immediately see that the
energy-momentum one-forms tC satisfy [51]
∗tC =− V ∗ eC − (−1)D−11
8
Aij(dφi ∧ iC ∗ dφj + iCdφj ∧ ∗dφi)
− (−1)D−1 1
4
Biαe 12αjφjΩαβ(dφi ∧ iC ∗ dχβ + iCdχβ ∧ ∗dφi)
− (−1)D−1 1
2
Cαβe 12αiφie 12βjφjΩατΩβρ(dχτ ∧ iC ∗ dχρ
+ iCdχ
ρ ∧ ∗dχτ ). (2.3.1)
Now we may express the field strengths of the scalar fields {φi, χβ} in terms
of their components with respect to the orthogonal moving co-frame {eC} on
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N as
dφi = F iCeC ,
(2.3.2)
dχβ = HβCeC .
If the orthogonal moving co-frame {eC} is taken to coincide with a coordinate
basis {dxC} then we have
dφi =
∂φi(xA)
∂xC
dxC ≡ ∂CφidxC ,
(2.3.3)
dχβ =
∂χβ(xA)
∂xC
dxC ≡ ∂CχβdxC ,
which implies that
F iC =
∂φi(xA)
∂xC
≡ ∂Cφi(xA),
(2.3.4)
HβC =
∂χβ(xA)
∂xC
≡ ∂Cχβ(xA).
By taking the Hodge-dual of both sides of (2.3.1), also by inserting the
component expansions (2.3.2) and by further simplifying we can obtain the
energy-momentum one-forms as
tC =
(
− V hCA − (−1)D−1
(
1
8
Aij(−F iBF jBhCA + F iCF jA + F jCF iA)
+
1
4
Biαe 12αjφjΩαβ(−F iBHβBhCA + F iCHβA +HβCF iA)
+
1
2
Cαβe 12αiφie 12βjφjΩατΩβρ (−HτBHρBhCA +HτCHρA
+HρCHτA)
))
eA. (2.3.5)
Since the energy-momentum tensor components {TCA} are defined through
tC = TCAe
A, (2.3.6)
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we can finally write the energy-momentum tensor in terms of the components
of the scalar field strengths which are expanded in the chosen orthogonal
moving co-frame as
TCA = −V hCA + TCA, (2.3.7)
where
TCA =− (−1)D−1
(
1
8
Aij(−F iBF jBhCA + F iCF jA + F jCF iA)
+
1
4
Biαe 12αjφjΩαβ(−F iBHβBhCA + F iCHβA +HβCF iA)
+
1
2
Cαβe 12αiφie 12βjφjΩατΩβρ(−HτBHρBhCA +HτCHρA +HρCHτA)
)
,
(2.3.8)
is the energy-momentum tensor contribution of the symmetric space sigma
model. In the next Section when we consider the thick brane world scenario
we will adopt especially the sigma model part of the energy-momentum tensor
(2.3.7). However after renaming the coefficients it will be reduced to a simpler
form by choosing the co-frame as a coordinate one and in particular by
assigning a metric ansatz for the manifold N .
3 Bulk scalar interactions on thick
brane worlds
After a detailed analysis of the symmetric space sigma model- gravity cou-
pling in the previous section we will now turn our attention to the main
objective of the present work which aims the derivation of the dynamical
equations describing the bulk scalar interactions within the context of the
smoothed brane world scenario. As discussed in [28] the bulk scalars inter-
act with the brane-forming scalar within the framework of a sigma-model in
which the bulk moduli scalars couple to the kinetic term of the brane-forming
one. As we have already discussed in the Introduction we will focus on the
symmetric space sigma model form of interactions which is the most realis-
tic one as it appears as a result of the dimensional reduction of the higher
dimensional supergravity theories.
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The link between the physical scenarios discussed in this section and the
formal gravity-symmetric space sigma model coupling of the previous section
will be apparent when we consider the minimal coupling in sub-section 3.2.
In summary in the gravity-sigma model coupling context we will assume a 5D
warped geometry of the bulk which accommodates a Minkovski brane with a
warp factor and derive the Einstein and scalar field equations for the 5D bulk
in component form (rather than their global form of the previous section) so
that they will lead us to the modified 4D brane spacetime dynamics which
is implicit in the warped-geometric cosmological scenario. The formalism of
minimal coupling in sub-section 3.2 is almost the same with Section two and
in the non-minimal coupling of sub-section 3.3 we will modify this formalism
by deforming the Einstein-Hilbert term. The reason why we have separately
studied the sigma model-gravity coupling in Section two is basically to derive
the right hand side of the Einstein equations namely the matter energy-
momentum tensor arising from the scalars of the sigma model in a neat and
a general framework. On the other hand in this section we will work out the
left hand side of the Einstein equations namely the Einstein tensor for the
special geometry mentioned above. For both of the minimal and the non-
minimal couplings we will adopt the energy-momentum tensor of the sigma
model generically derived in Section two.
3.1 5D geometry
Before we discuss the actions which define the brane dynamics in the presence
of bulk scalars let us set the back-scene geometry. First of all we fix the bulk
dimension to five so that dimN = 5 for the notation we have introduced
in the previous section. In this work we will consider the flat (Minkovski)
geometry for the brane [28, 29, 54, 55]. Therefore our 5D metric ansatz will
be
h = e2Aηµνdx
µ ⊗ dxν − dy ⊗ dy, (3.1.1)
where x4 = y is the fifth dimension coordinate, A = A(y), and e2A is
the warp-factor for the brane geometry. Our conventions are such that:
A,B,C = 0, 1, 2, 3, 4; µ, ν = 0, 1, 2, 3; and ηµν = diag(1,−1,−1,−1). Now
considering the 5D metric hAB and its inverse h
AB since via (3.1.1) we have
h = diag(e2A,−e2A,−e2A,−e2A,−1),
h−1 = diag(e−2A,−e−2A,−e−2A,−e−2A,−1), (3.1.2)
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from
ΓABC =
1
2
hDA(hDB,C + hDC,B − hBC,D), (3.1.3)
one can calculate the Levi-Civita connection coefficients for the coordinate
frame suggested in (3.1.1). They read
Γ4 44 = Γ
4
A4 = Γ
A
44 = Γ
µ
44 = Γ
γ
µν = 0,
Γµν4 = A
′δµν , Γ
4
µν = e
2AA′ηµν ,
(3.1.4)
where prime denotes derivation with respect to the coordinate y. Via the
Riemann tensor
RABCD = Γ
A
BD,C − ΓABC,D + ΓAECΓEBD − ΓAEDΓEBC , (3.1.5)
we can calculate the Ricci tensor RAB = R
C
ACB components and the Ricci
scalar R = hABRAB as
R4µ = 0, R44 = −4(A′)2 − 4A′′,
Rµν = e
2A(4(A′)2 + A′′)ηµν , R = 20(A
′)2 + 8A′′.
(3.1.6)
Now we can calculate the corresponding Einstein tensor components GAB =
RAB − 12hABR as
G4µ = 0, G44 = 6(A
′)2,
Gµν = e
2A(−6(A′)2 − 3A′′)ηµν .
(3.1.7)
Furthermore for a generic scalar field f = f(y) by considering the double
action of the covariant derivative
∇A∇Bf = ∂A∂Bf − ∂CfΓCBA, (3.1.8)
via (3.1.4) one can show that
∇µ∇4f = ∇4∇µf = 0, ∇4∇4f = f ′′,
∇µ∇νf = −e2AA′f ′ηµν .
(3.1.9)
Also
∇2f = ∇C∇Cf = (∂B∂Af − ∂CfΓCAB)hAB = −f ′′ − 4A′f ′. (3.1.10)
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3.2 Minimal coupling
Now in this subsection we will derive the component form of the dynamical
equations for the minimal coupling of the bulk scalars to the gravity sector
and the brane forming scalar. The relative 5D-action is [28, 54]
S =
∫ (
− 1
4
RAB ∧ ∗eAB − ∗V − 1
4
tr(∗dM−1 ∧ dM)
)
, (3.2.1)
which is differing from (2.1.13) by a gravitational coefficient. We may adopt
the general results of the previous section for the gravity-σ-model coupling
bearing in mind that now we restrict ourselves to the 5D geometry we have
introduced above. As usual we will assume that φi = φi(y) and χβ = χβ(y).
To derive the component form of the energy-momentum tensor let us first
introduce
giθ = Biαe 12αjφjΩαθ ,
gτγ = Cαβe 12αiφie 12βjφjΩατΩβγ ,
hiθβ = Biαe 12αjφjDαθβ,
hθτγ = Cαβe 12αiφie 12βjφjΩβγDαθτ ,
(3.2.2)
where since Cαβ = Cβα we have gτγ = gγτ . In order to express the components
of the scalar field equations in a compact form in a later subsection we also
define
gkiθ = αkBiαe 12αjφjΩαθ ,
g˜kτγ = (αk + βk)Cαβe 12αiφie 12βjφjΩατΩβγ . (3.2.3)
With these definitions, further remembering that D = 5, Aij = Aji, and as
the scalars are only functions of y ∂C( · )∂C( · ) = −( · )′( · )′ we can write
down the components of the symmetric space sigma model energy-momentum
tensor (2.3.8) as
T44 = −1
8
Aijφi′φj′ − 1
4
giβφ
i′χβ′ − 1
2
gτρχ
τ ′χρ′,
Tµν = e2Aηµν
(− 1
8
Aijφi′φj′ − 1
4
giβφ
i′χβ′ − 1
2
gτρχ
τ ′χρ′
)
,
T4µ = Tµ4 = 0. (3.2.4)
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In order to obtain the component form of the Einstein’s equations we may
make use of the relation
− ∗eABC ∧ RBC = 2GAB ∗ eB, (3.2.5)
in (2.2.2). Now by also performing the appropriate normalization arising from
the coefficient of the gravity sector in (3.2.1) we can read the component form
of the Einstein’s equations from (2.2.2) as
GCB = 2(V hCB − TCB), (3.2.6)
where like in [54] we use the convention 4piG = 1 for the 5D bulk. By
reading the appropriate metric components from (3.1.1), the Einstein tensor
components from (3.1.7), also by using (3.2.4) in (3.2.6) we can derive the
dynamical equations which will shape the finite brane solutions in the 5D
bulk. We easily see that the G4µ and the Gµ4 components give us null results
in (3.2.6). The non-vanishing brane generating dynamical equations are the
ones
Gµν
−3A′′ − 6(A′)2 = +2V + 1
4
Aijφi′φj′ + 1
2
giβφ
i′χβ′ + gτρχ
τ ′χρ′,
G44
6(A′)2 = −2V + 1
4
Aijφi′φj′ + 1
2
giβφ
i′χβ′ + gτρχ
τ ′χρ′.
(3.2.7)
These two equations can be combined to yield
A′′ = −1
6
Aijφi′φj′ − 1
3
giβφ
i′χβ′ − 2
3
gτρχ
τ ′χρ′, (3.2.8)
which together with the second equation in (3.2.7) is more appropriate for
the first-order formalism in search for brane solutions. On the other hand as
discussed in [28] one can show that solutions of the first-order equations
ϕa ′ =
1
2
gab∂ϕbW (ϕ
c), A′ = −1
3
W (ϕc), (3.2.9)
are also solutions of (3.2.7),(3.2.8) and the corresponding scalar field equa-
tions. Here supergravity originated superpotential W is related to the ordi-
nary potential V via
V (ϕc) =
1
8
gab∂ϕaW (ϕ
c)∂ϕbW (ϕ
c)− 1
3
(
W (ϕc)
)2
. (3.2.10)
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In this expression without sub-labelling we have denoted the set of scalars φi
and χβ generally as ϕc. The scalar manifold metric gab which is introduced
in (2.1.1) can be directly read from (2.1.6) which is also explicitly studied in
[56].
3.3 Non-minimal coupling
In this subsection we will consider the generalization of the action (3.2.1)
in the gravity-scalar coupling sense and we will derive the dynamical field
equations of the non-minimal coupling of the scalars to the gravity. The
action which contains the modified gravity-bulk scalar coupling takes the
form
S =
∫ (
− 1
4
fRAB ∧ ∗eAB − ∗V − 1
4
tr(∗dM−1 ∧ dM)
)
, (3.3.1)
where f = f(φi, χβ) is a generic function of the bulk scalars. In the Appendix
we present the details of the variation of the gravity term in (3.3.1). By using
(A.2.13) 4 via the total variation of (3.3.1) we can write down the modified
Einstein’s equations as
− 1
2
fGAB +
1
2
(∇A∇B( f )−∇C∇C( f )hAB) = −V hAB + TAB. (3.3.2)
Now if we consider the 5Dmanifold with the metric (3.1.1) sinceG4ν ;∇4∇ν(f),
as well as h4ν , T4ν vanish (3.3.2) gives us null equations for the G4ν and Gν4
components. Similarly by substituting the other components via (3.1.1),
(3.1.7), (3.1.9), (3.2.4) in (3.3.2) we get the non-vanishing finite-brane gen-
erating dynamical equations of the non-minimal gravity coupling of the bulk
scalars as
Gµν
3f
(
A′′ + 2(A′)2
)
+ f ′′ + 3 f ′A′ = −2V − 1
4
Aijφi′φj′ − 1
2
giβφ
i′χβ′ − gτρχτ ′χρ′,
G44
−6f (A′)2 − 4 f ′A′ = 2V − 1
4
Aijφi′φj′ − 1
2
giβφ
i′χβ′ − gτρχτ ′χρ′.
(3.3.3)
4By also bearing in mind the appropriate normalization for the energy-momentum
tensor (2.3.7) which relates it to the component-form variation of (A.2.13).
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By again using the second one in the first we obtain
3f A′′ + f ′′ − f ′A′ = −1
2
Aijφi′φj′ − giβφi′χβ′ − 2gτρχτ ′χρ′, (3.3.4)
which again together with G44-component equation in (3.3.3) is more appro-
priate for a first-order formulation to search for finite brane solutions. We
should state that likewise the minimal coupling case one can also work on
the construction of an equivalent first-order formalism in terms of a super-
potential W .
3.4 Scalar field equations
We now consider the scalar sector and we will present the component form of
the scalar field equations for both of the couplings discussed above. Before-
hand to be able to switch our formulation to the component form we should
remind the reader of the identity
eA ∧ ∗eB = hAB ∗ 1, (3.4.1)
which is valid for a generic moving co-frame. Furthermore for a one-form
A = ACe
C and a scalar field ϕ we have
d ∗ A = (∇CAC) ∗ 1 = (∂CAC + ACΓBCB) ∗ 1,
d ∗ dϕ = (∇2ϕ) ∗ 1,
(3.4.2)
where ∇2 is defined in (3.1.10). Now for the definitions in (3.2.2) let us
introduce the coefficients
dgkβ = Xikβdφ
i +Xθkβdχ
θ,
dgγθ = Xiγθdφ
i +Xκγθdχ
κ,
(3.4.3)
where we define
Xikβ =
∂gkβ
∂φi
, Xθkβ =
∂gkβ
∂χθ
,
Xiγθ =
∂gγθ
∂φi
, Xκγθ =
∂gγθ
∂χκ
.
(3.4.4)
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Following the definitions introduced in (3.2.2) and furthermore by making use
of the above definitions, from (2.2.4) and (2.2.5) we can express the scalar
field equations in a more compact form as
Aikd ∗ dφi + gkβd ∗ dχβ =
(1
2
gkiβ −Xikβ
)
dφi ∧ ∗dχβ
+
(
g˜kτγ −Xγkτ
)
dχγ ∧ ∗dχτ + Fk(V ),
1
2
giθd ∗ dφi + 2gθγd ∗ dχγ =
(1
2
hiθβ − 1
2
Xβiθ − 2Xiθβ
)
dφi ∧ ∗dχβ
+
(
hθτγ + hθγτ − 2Xγθτ
)
dχγ ∧ ∗dχτ
− 1
2
Xjiθdφ
j ∧ ∗dφi + Fθ(V ), (3.4.5)
where we have introduced
Minimal coupling
Fk(V ) = −4∂φkV ∗ 1 ≡ Fk(V ) ∗ 1,
Fθ(V ) = −2∂χθV ∗ 1 ≡ Fθ(V ) ∗ 1,
Non-minimal coupling
Fk(V ) =
(− 4∂φkV − 14
(
∂φk f
)
R
) ∗ 1 ≡ Fk(V ) ∗ 1,
Fθ(V ) =
(− 2∂χθV − 14
(
∂χθ f
)
R
) ∗ 1 ≡ Fθ(V ) ∗ 1.
(3.4.6)
The F -terms include the contributions to the scalar sector coming from the
variation of the potential term for both of the cases whereas there is an
extra contribution for the non-minimal coupling case which arises from the
variation of the modified Hilbert-Einstein term in the action. Now by using
(3.4.1) and (3.4.2) we can first express the component form of the scalar field
equations (3.4.5) then since we assume that φi = φi(y) and χβ = χβ(y) via
the relations in (3.1.9) and (3.1.10) we can obtain the scalar field equations
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for the 5D-bulk geometry arising from the metric (3.1.1). The result reads
Dilaton equations
Aik
(− φi ′ ′ − 4A′φi ′)+ gkβ(− χβ ′ ′ − 4A′χβ ′)
= −(1
2
gkiβ −Xikβ
)
φi ′χβ ′
− (g˜kτγ −Xγkτ)χγ ′χτ ′ + Fk(V ),
Axion equations
1
2
giθ
(− φi ′ ′ − 4A′φi ′)+ 2gθγ(− χγ ′ ′ − 4A′χγ ′)
= −(1
2
hiθβ − 1
2
Xβiθ − 2Xiθβ
)
φi ′χβ ′
− (hθτγ + hθγτ − 2Xγθτ)χγ ′χτ ′
+
1
2
Xjiθφ
j ′φi ′ + Fθ(V ).
(3.4.7)
These equations are the coupled scalar equations for the brane forming scalar
and the bulk scalars which must be solved simultaneously with (3.2.7), (3.2.8)
for the minimal coupling and with (3.3.3),(3.3.4) for the non-minimal cou-
pling cases.
4 Conclusion
In Section two, we have discussed the elements of the general action which
couples gravity to the symmetric space sigma model in the solvable Lie alge-
bra parametrization of the symmetric target space. We have performed the
variation of the action to obtain the corresponding Einstein’s equations. The
variation also leads to the scalar field equations which coincide with the ones
derived in [47] which are obtained by direct application of the Euler-Lagrange
equations. After identifying the energy-momentum one-forms from the Ein-
stein’s equations we have calculated the energy-momentum tensor associated
with a generic symmetric space sigma model action. Then in Section three
we have turned our attention to the thick brane scenarios of fundamental
interactions. Following the discussion about the constituents of the warped
5D bulk geometry which accommodates finite thick brane solutions we have
focussed on the dynamics of the bulk scalars in this framework. In this re-
spect we have used the results of the previous section to derive the dynamical
equations for the models of thick branes in which the bulk scalar interactions
are assumed to be localized on the finitely sized brane solution that is formed
by one of the scalars. As we have discussed before such a model is described
by a σ-model-gravity coupling in the context of warped bulk geometry. As
we have mentioned in the Introduction our focus has been on the interac-
tions generated by symmetric space sigma models which appear as the most
common scalar sectors in the dimensional reduction of supergravities. Our
analysis has included two distinct cases of minimal and non-minimal scalar-
gravity couplings and for both of these cases we have derived the component
form of the dynamical equations appropriate for a first-order formalism. Fi-
nally we also obtained the scalar field equations for both of the cases in
component form for the warped bulk geometry.
Although our analysis is performed for a general σ-model coupling it is
done for the flat-brane case. One may consider extensions of the interac-
tion formalism presented here to the AdS or dS brane geometries to study
localized gravity in these models as well as the corresponding dual CFT
renormalization group flow equations [55]. Similarly one may also consider
cosmological solutions in the 4D-sector including scalar interactions. Other
localized interactions of the bulk (specifically for various supergravity mul-
tiplets) can also be considered in connection with the scalar sector which is
studied in detail here as it needs special care owing to its non-linear sigma
model structure. We should state that the formulation presented here is
purely algebraic and general, it is applicable to the sigma models whose
target spaces are generic symmetric spaces of the form G/K. Therefore the
results provide valuable and case-free tools for any other coupling extensions.
From this point of view our formulation presents a formal framework for the
study of specifically chosen localized supergravity theories in the context of
thick brane scenarios. In this work although we have derived the neces-
sary dynamical field equations for a class of models we have not attempted
to construct the first-order formalisms and studied their solutions. Start-
ing from the currently occurring Grasmannian scalar manifold models and
supersymmetry predicted superpotentials of supergravity theories one may
work out for either generic multiplets or for specific supergravity theories
interaction carrying extended thick brane solutions in parallel with the rich
literature on non-interacting single scalar models. One may also study bulk
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scalar interactions on the brane for higher dimensional bulk geometries in
connection with higher dimensional supergravities. We should also remark
that similar analysis can also be extended for generalized scalar and gravity
dynamics [54, 57]. Finally apart from the specific directions we have men-
tioned above the results of this work can find extensions in various aspects
of thick brane dynamics including search for particular solutions and prob-
ing phenomenology of localized gravity, gauge and matter fields in various
geometries [20, 58, 59, 60, 61, 62, 63, 64, 65].
In relevance to the mathematical content of the present work one may
also slightly change the point of view from the warped-geometric braneworld
cosmological scenario to the consideration of the coupling of Section two on
its own right. That is to say the sigma model can purely be considered as a
non-linear source to the gravity sector. It can separately be used as an in-
gredient in the construction of UV completion of GR in a non-linear context.
On the gauge theory side in the UV completion by spontaneous symmetry
breaking of the low energy effective sigma model theory which is also closely
related to the string theories sigma models play the central role. One may
expect a similar contribution to the quantum gravity model building which
also emerges from the unifying and underlying string theories. Recently a
ghost-free non-linear extension of the Fierz-Pauli [66] massive gravity has
been constructed [67, 68, 69, 70, 71, 72]. In its physically truncated form [71]
of this non-linear massive gravity the basic ingredient of the sigma model
kinetic term namely the induced metric (2.1.3) appears as an argument of
the graviton potential which gives the physical metric its mass as a result
of a gravitational Higgs mechanism. In that formalism (2.1.3) becomes the
so-called fiducial metric fµν ; the basic field which is a sigma model type
kinetic term and which enables the coupling of the Sku¨ckelberg scalars to
the physical metric. This emergence suggests that sigma models may play
a more generalized role with their entire geometrical content in massive as
well as massless non-linear extensions of GR. We should share an observation
here that introducing sigma models in massive graviton constructions would
need to do changes in the link structure between the sites of the theory space
construction of [67] which inspired the de Rham, Gabadadze, Tolley (dRGT)
programme of massive gravity. In [67] the links were taken as general coordi-
nate transformations. To introduce sigma models one should also impose the
embedding structure of them onto the links, possibly one may introduce im-
mersion maps between various sites in the theory space and consider objects
which not only transform covariently under both of the general coordinate
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transformations via links but also respect to the immersion structure. This
way of introducing sigma models at link level may also resemble the situation
valid at low energies for certain gauge theory constructions.
Apart from this above-mentioned fundamental role, non-linear sigma mod-
els can also be used as a direct non-linear source in non-linear massive grav-
ity. This can possibly be done in three ways. Firstly in [67] the dual site
on which the fiducial metric lives is also taken to be 4D so that the links
namely the Stu¨ckelberg fields which can be considered as coordinate trans-
formations have correct number of dofs (for which one is identified as the
Boulware-Deser (BD) ghost to be erased). One may introduce more than
four scalars in the context of sigma model immersion framework for which
only four of them will get a vev via φµ = xµ + δφµ where δφµ ≡ piµ are the
Goldstone bosons which represent small fluctuations around a background
spacetime. Then the relevance of the rest of the scalars can be inspected in
the modification of GR to explain DM, DE, or inflationary structures arising
via non-linear level interactions of these extra geometrical dof’s. Secondly,
in [73] it has been shown that in the non-linear massive gravity dRGT the-
ory when one chooses the fiducial metric flat the homogeneous and isotropic
FRW type cosmological solutions do not exist due to the same mechanism
which cancels the BD ghost. Recently the de Sitter (which is a symmetric
space) choice of the fiducial metric is being studied (see for example [74, 75]).
These constructions admit FRW type solutions showing once more the spe-
cial place of de Sitter space in massive gravity theories but still they posses
some physical problems to be resolved. At this point in connection with the
formalism presented in this work and in [56] one may introduce a parametric
generalization for the de Sitter case namely taking the fiducial metric as the
most general form of the induced metric of the symmetric space sigma model
may assist in the search for the true fiducial background to obtain a physical
homogeneous and isotropic universe model from the massive gravity theory.
Finally as a third interface between the non-linear massive gravity and the
non-linear sigma models like in the attempts to introduce dynamics to the
fiducial metric [76, 77, 78, 79, 80, 81] one may take the fiducial metric as
the induced metric on the immersed p-brane and consider p-brane massive
gravity interactions as a new non-linear source to the dRGT massive gravity.
22
5 Appendix
A Variational Details
Here we present the details of the variation of the gravity-σ-model coupling
of Section two and the non-minimal gravity-scalar coupling of Section three.
A.1 SSSM-gravity coupling
In spite of the fact that the results coincide with the standard variational
methods here we will present a detailed account of the global variation of the
total action in (2.1.14). When one applies a variation operator on (2.1.14)
one can consider the variation of the orthogonal moving co-frame {eA}; δeC
which contains the variation of the metric hAB in it and the variation of
the scalar fields namely δφj, δχτ separately. Therefore one may collect the
relative terms in two disjoint groups as in (2.2.1). The first term which
contains the gravitational variation becomes
δS1 =
∫ (
(−1)D−2d(∗eAB ∧ δωAB) + δeC ∧
(
∗ eABC ∧ RAB − V ∗ eC
− (−1)D−11
8
Aij(dφi ∧ iC ∗ dφj + iCdφj ∧ ∗dφi)− (−1)D−1 1
4
Biα
× e 12αjφjΩαβ(dφi ∧ iC ∗ dχβ + iCdχβ ∧ ∗dφi)− (−1)D−1
1
2
Cαβ
× e 12αiφie 12βjφjΩατΩβρ(dχτ ∧ iC ∗ dχρ + iCdχρ ∧ ∗dχτ)
))
,
(A.1.1)
and the second term which is composed of the scalar field variations reads
δS2 =
∫ (
(−1)D−11
8
Aij(δdφj ∧ ∗dφi + δdφi ∧ ∗dφj)
+ (−1)D−1 1
4
Biα
(
δ(e
1
2
αjφ
j
Ωαβ)dχ
β ∧ ∗dφi + e 12αjφjΩαβ
× (δdχβ ∧ ∗dφi + δdφi ∧ ∗dχβ)
)
+ (−1)D−1 1
2
Cαβ
×
(
δ(e
1
2
αiφ
i
e
1
2
βjφ
j
ΩατΩ
β
γ)dχ
γ ∧ ∗dχτ + e 12αiφie 12βjφjΩατΩβγ
23
× (δdχγ ∧ ∗dχτ + δdχτ ∧ ∗dχγ)
)
−
(
∂iV δφ
i + ∂αV δχ
α
)
∗ 1
)
,
(A.1.2)
where we define ∂iV ≡ ∂V∂φi and ∂αV ≡ ∂V∂χα . One obtains the Einstein’s equa-
tions (2.2.2) by equating the coefficients of the variations of the co-frame to
zero in (A.1.1). As usual the first term in (A.1.1) which is an exact differen-
tial form gives a null result in the variation due to the standard assumptions
of the variational method [51] thus it does not contribute to the Einstein’s
equations. In general when N is an r-chain one can apply the Stoke’s the-
orem and then one can assume that the variation of the independent fields
vanish on the boundary ∂N of N . If ∂N = ∅ then directly the integral of
the first term vanishes. We can furthermore simplify (A.1.2) to write it in its
final form in which we gather the coefficients of the variations δφi and δχθ.
The result becomes
δS2 =
∫ (
(−1)D−11
8
Aijd(δφj ∧ ∗dφi) + (−1)D−11
8
Aijd(δφi ∧ ∗dφj)
+ (−1)D−11
4
Biαd(δχβ ∧ e 12αjφjΩαβ ∗ dφi)
+ (−1)D−11
4
Biαd(δφi ∧ e 12αjφjΩαβ ∗ dχβ)
+ (−1)D−11
2
Cαβd(δχγ ∧ e 12αiφie 12βjφjΩατΩβγ ∗ dχτ )
+ (−1)D−11
2
Cαβd(δχτ ∧ e 12αiφie 12βjφjΩατΩβγ ∗ dχγ)
+ δφn
(
− ∂nV ∗ 1− (−1)D−1 1
8
Aind ∗ dφi − (−1)D−11
8
Anjd ∗ dφj
+ (−1)D−11
8
Biααne 12αjφjΩαβdχβ ∧ ∗dφi
− (−1)D−11
4
Bnαd(e 12αjφjΩαβ ∗ dχβ) + (−1)D−1
1
2
Cαβ
× (1
2
αne
1
2
αiφ
i
e
1
2
βjφ
j
+
1
2
βne
1
2
αiφ
i
e
1
2
βjφ
j
)ΩατΩ
β
γdχ
γ ∧ ∗dχτ
)
+ δχθ
(
− ∂θV ∗ 1 + (−1)D−1 1
4
Biαe 12αjφjDαθβdχβ ∧ ∗dφi
− (−1)D−11
4
Biαd(e 12αjφjΩαθ ∗ dφi) + (−1)D−1
1
2
Cαβ
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× (DαθτΩβγ +ΩατDβθγ)e
1
2
αiφ
i
e
1
2
βjφ
j
dχγ ∧ ∗dχτ
− (−1)D−11
2
Cαβd(e 12αiφie 12βjφjΩατΩβθ ∗ dχτ)
− (−1)D−11
2
Cαβd(e 12αiφie 12βjφjΩαθΩβγ ∗ dχγ)
))
, (A.1.3)
where we have introduced the matrix functions
Dθ ≡ ∂Ω
∂χθ
. (A.1.4)
As we have pointed out earlier we do not need their explicit form in our
formulation in this work. The reader may refer to their formal derivation
and therein their exact definitions in [47]. If we equate the coefficients of δφn
and δχθ to zero, also by again disregarding the exact-forms in (A.1.3) which
give surface terms we may obtain the field equations for the scalars (2.2.4)
and (2.2.5). These field equations are the ones which are already derived in
[47].
A.2 Non-minimal gravity-scalar coupling
Here we will take a look at the variation of the gravitational term in (3.3.1)
which is the differing term from (3.2.1). We will derive the variation for a
generic D-dimensional manifold N . By applying a standard analysis we can
write
δ
(− 1
4
∫
f ∗R) = −1
4
∫
δf ∗R− 1
4
∫
f δ(∗R)
= −1
4
∫ (
∂if δφ
i + ∂αf δχ
α
) ∗R − 1
4
∫
fGABδh
AB ∗ 1
− 1
4
∫
f δRABh
AB ∗ 1. (A.2.1)
For a coordinate moving co-frame starting from the definition of the Ricci
tensor via (3.1.5) and by using the metric compatibility
∇ChAB = 0, (A.2.2)
after some algebra one can show that
− 1
4
∫
f δRABh
AB ∗ 1 = −1
4
∫
f∇CKC ∗ 1, (A.2.3)
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where
KC = hABδΓCBA − hACδΓBBA. (A.2.4)
Furthermore we have
− 1
4
∫
f∇CKC ∗ 1 = −1
4
∫
∇C(fKC) ∗ 1 + 1
4
∫
∇C( f )KC ∗ 1. (A.2.5)
By using the metric compatibility (A.2.2) once more we can show that the
second term in (A.2.5) can be written as
1
4
∫
∇C( f )KC ∗ 1 = −1
4
∫
∇C( f )∇BδhCB ∗ 1
− 1
2
∫
∇C( f )δΓBABhCA ∗ 1. (A.2.6)
Now the first term on the right hand side of this equation can further be
expressed as
−1
4
∫
∇C( f )∇BδhCB ∗ 1 = −1
4
∫
∇B
(∇C( f )δhCB) ∗ 1
+
1
4
∫
∇B
(∇C( f ))δhCB ∗ 1. (A.2.7)
By using the volume form via
∗ 1 = dxD
√
|deth|, (A.2.8)
and the identity
NCδΓBCB = δ(∇CNC)−∇C(δNC), (A.2.9)
where
NC = ∇A( f )hAC , (A.2.10)
after some algebra by also using the Stoke’s theorem we can express the
second term on the right hand side of (A.2.6) as
−1
2
∫
∇C( f )δΓBABhCA ∗ 1 = −
1
2
∫
∂N
dx(D−1)δ(
√
|deth˜| )NCnC
+
1
2
∫
dxDδ(
√
|deth| )∇CNC , (A.2.11)
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where {nC} is the unit normal vector to the boundary ∂N of N and in the
first term on the right hand side h˜ must be taken as the image of the D-
dimensional metric h under the inclusion map of the boundary ∂N in the
manifold N . Since
δ(
√
|deth| ) = −1
2
√
|deth|hABδhAB, (A.2.12)
we can finally write
δ
(− 1
4
∫
f ∗R) = −1
4
∫ (
∂if δφ
i + ∂αf δχ
α
) ∗R − 1
4
∫
fGABδh
AB ∗ 1
+
1
4
∫
∇B
(∇C( f ))δhCB ∗ 1
− 1
4
∫
∇C
(∇A( f ) hAC)hBDδhBD ∗ 1
− 1
4
∫
∇C(fKC) ∗ 1− 1
4
∫
∇B
(∇C( f )δhCB) ∗ 1
− 1
2
∫
∂N
dx(D−1)δ(
√
|deth˜| )NCnC . (A.2.13)
It is obvious that due to the vanishing of the variation of the fields on the
boundary ∂N the last three terms above which are the surface terms identi-
cally vanish. We remind the reader of the action of the covariant derivative
on the functional f
∇B( f ) = ∂ f
∂φi
∂φi
∂xB
+
∂ f
∂χα
∂χα
∂xB
,
∇A∇B( f ) = ∂A∂B f− ∂C f ΓCBA.
(A.2.14)
Thus in (A.2.13) we may identify
∇C∇C( f ) ≡ ∇C
(∇B( f )hBC) = (∂A∂B f− ∂C f ΓCBA)hBA. (A.2.15)
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